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We study the spectral functions of fermionic operators in 1 + 1 dimensional SU(N) Super Yang-
Mills theory with 16 supercharges at finite density using the holographically dual D1-brane geometry.
This system exhibits quasi-particle peaks indicating the existence of Fermi points about which
excitations have a finite relaxation time, in contrast with the Tomonaga-Luttinger model. The finite
width may be attributed to the non-trivial interactions of the probe operators with the background
density matrix, modeled holographically as a charged black hole. We show that the fermionic
correlators can in fact be deduced from known results for fermion probes of the charged AdS4 black
hole background, owing to some remarkable coincidences in supergravity truncations.
I. INTRODUCTION
Interacting Fermi systems in one spatial dimension
(1d) provide the textbook example of departure from
conventional Fermi liquid theory. For reasons associated
with the restricted phase space in 1d, particle-hole pairs
are indistinguishable from collective excitations. Whilst
in higher dimensional fermionic systems have low energy
fermionic quasiparticles, in 1d we have bosonic particles
– spin and charge density waves.
The prototype model for interacting 1d fermions is
the Tomonaga-Luttinger (TL) model which involves lin-
earising the single particle dispersion about the Fermi
points. This has the advantage of being exactly soluble
via bosonisation [1] and is a conformal field theory. Re-
taining nonlinearity in the spectrum has recently shown
to be possible and the spectral function for nonlinear
Luttinger (NLL) liquids has recently been computed in
perturbation theory [2, 3].
In this paper we are going to explore the dynamics
of fermions in a non-conformal field theory, SU(N) Su-
per Yang-Mills with 16 supercharges in 1 + 1 dimen-
sions (SYM2) at finite density. We will extract the
spectral function A(ω, k) for this system in the planar
limit N → ∞ by exploiting the fact that it admits a
holographic dual [4] for intermediate energy scales, E,√
λ ≥ E ≥ √λN− 13 , in terms of the near-horizon geom-
etry of a stack of N  1 parallel D1-branes in Type IIB
supergravity. Here we introduced the ’t Hooft coupling
λ ≡ g2YMN whose engineering dimension is 2.
As SYM2 is a non-conformal theory, one anticipates
that the spectral function will deviate significantly from
the TL form.1 In the latter one encounters power law sin-
gularities with exponents set by the interaction strength.
Explicit breaking of scaling symmetry ought to soften
this behaviour and indeed we find similarities with the
1 Luttinger liquids have been modelled holographically in terms of
fermionic fields probing a BTZ black hole [5].
NLL predictions. What is however a lot more curious is
the connection we uncover between this D1 system and
the analysis of non-Fermi liquids from holography under-
taken in [6–8] (see also [9, 10]) for 2d systems. These
set-ups are now well understood in the semi-holographic
framework [11]. In these setups deviation from Fermi liq-
uid behaviour is attributed to local quantum criticality
arising from the near-horizon AdS2 region encountered
in extremal black hole geometries.
While the example we focus on also has a local quan-
tum critical region, we shall in fact find that the effective
holographic master field equations that govern the spec-
tral function are identical despite the seemingly different
microscopic nature of the field theories. To be precise we
find that the spectral functions for fermionic operators in
SYM2 are identical to those obtained in the 2 + 1 dimen-
sional field theory of M2-branes. This is made possible
by some remarkable coincidences in supergravity as we
shall see in due course.
II. THE GRAVITATIONAL SET-UP
SYM2 for E ∈
√
λ (N−
1
3 , 1) is described holographi-
cally in terms of the supergravity geometry obtained by
taking the near-horizon limit of a stack of N D1-branes.
As we are interested in the dynamics of the theory in
the grand canonical ensemble with non-zero temperature
and charge density, we consider configurations where the
D1-branes are non-extremal and spinning in the trans-
verse R8 ⊂ R9,1. This turns on R-charges along the Car-
tan U(1)4 ⊂ SO(8) and for simplicity we focus on the
equally-spinning case when these are all equal.
Whilst the 9 + 1 dimensional (10D) Type IIB solution
for this background configuration is easily written down
[12], it is convenient to work with a KK-reduced solution
in 3d which is obtained by reducing Type IIB equations
of motion on a S7 with internal angular momentum [13].
This Lagrangian comprises of a dilaton φ, a gauge poten-
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2tial, A and the metric, with the effective action
S3 =
1
16piG3
∫
d3x
√−g
(
R− 2(∂φ)2 − e−2φF 2 + 6e
2φ
L2
)
(1)
where F = dA. The spinning D1-brane is described as a
charged, dilatonic black hole solution of (1). Employing
a prescient radial parametrisation given by the dilaton,
r ≡ e−φ, it is given by
ds23 = r
4
(−f(r)dt2 + dx2)+ L2
f(r)
dr2 (2)
A = Q
(
1− 1
r
)
dt (3)
where
f(r) = 1 +
Q2
r4
− 1 +Q
2
r3
. (4)
The horizon is located at r = 1 and the black hole and
dual field theory temperature is given by T = 14piL (3 −
Q2). Alert readers will recognise the close similarity be-
tween this solution and the four-dimensional Reissner-
Nordstrom AdS solution, which will have an important
role to play in the following.
A. Fermionic probes
The field theory SYM2 has fermionic operators OΨ re-
siding in super-multiplets whose lowest component com-
prises of scalar chiral primaries, Tr
(
X(i1 · · ·Xin)), trans-
forming symmetric traceless representations of the SO(8)
R-symmetry group. We recall that the Lagrangian for
SYM2 can be obtained by dimensionally reducing the 10d
N = 1 SYM Lagrangian on a T8 and hence apart from
the gluons it contains adjoint scalars Xi which transform
as vectors under SO(8).
The dimensions of the operators OΨ can be computed
by examining the two-point function in the vacuum. In
the energy regime where the dual supergravity descrip-
tion is valid these take on integral values ∆Ψ = n + 3
with n ≥ 0. Equivalently, this spectrum can be described
in terms of fermionic supergravity fields propagating in
effective 3d D1-brane geometry by studying linearised
KK fluctuations about the vacuum D1-brane solution.
A comprehensive analysis of this reduction was carried
out in [14] and it was found that the masses are related
to their conformal dimension via
∆Ψ = deff + |mL| , deff = 3. (5)
To compute the spectral function of OΨ using super-
gravity it suffices to consider a quadratic fermion effective
action. For a fermionic mode Ψ with mass m, we use
SΨ =
∫
d3x
√−g i (Ψ¯ /DΨ−meφ Ψ¯Ψ) , (6)
where /D = γM (∂M +
1
4ωabMγ
ab − iqL−1AM ), ωab is the
spin-connection, and Ψ¯ ≡ Ψ†γt. Underlined indices refer
to the local tangent space. Note that this action is part
of a larger interacting theory resulting from the reduc-
tion of IIB supergravity, where the mass term appears
with a dilatonic coupling as a consequence of this reduc-
tion.2 In the specific reduced IIB action the masses m
and charges q take on a discrete set of values. Here we
find it convenient to examine the behaviour for arbitrary
m and q, leaving the special top-down cases for future
investigation.
Given this set-up it is a straightforward to analyze the
Dirac equation resulting from (6) in the background of
the spinning D1-brane geometry. The fermionic correla-
tors are obtained by a suitable modification of the pre-
scription given in [16] to account for the fact that we
have a geometry that is not asymptotically AdS. How-
ever, a simple trick allows us to reduce the computation
to a previously solved problem and moreover provides a
useful perspective. Therefore we will now take a detour
into the mysterious world of supergravity truncations.
III. SUPERGRAVITY TRUNCATIONS
It has long been known that the dilatonic branes ge-
ometries are conformal to AdS [17]. It is for instance
clear that (2) is asymptotically conformal to AdS3. What
is more surprising is that this geometry has a hidden
AdS4 origin. For one, it can immediately be oxidised
to a Reissner-Nordstrom black hole in AdS4 using the
ansatz (the gauge field lifts trivially)
ds24 =
ds23
r2
+ r2dy2 = e2φds23 + e
−2φdy2 (7)
where y denotes lift direction. This metric, in turn, solves
field equations of the Einstein-Maxwell system with neg-
ative cosmological constant,
S4 =
1
16piG4
∫
d3x dy
√−g4
(
R(g4)− F 2 + 6
L2
)
. (8)
which is a well-known consistent truncation of 11D su-
pergravity on S7. The action (8) reduces to (1) using the
dilatonic ansatz (7) and relating G4 = 2piRy G3.
Connections between these two systems have been ob-
served previously [13, 18–21]. Here we go further and
illuminate the origin of these connections as part of a
more general story. The basic picture is presented in Fig.
1. Starting with 11D supergravity we may reduce on S7
and perform a consistent truncation to the well known
N = 8 gauged SO(8) supergravity [22]. The massless
2 Recently fermionic correlators were examined in Einstein-
Maxwell-dilaton gravity in [15] albeit without the dilaton cou-
pling in the mass term.
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FIG. 1: Schematic hierarchy of supergravity truncations
while the fermions transform as 56s and the scalars fill
out 35s and 35c.
Likewise for Type IIA/B supergravity in 10D where
only a dilaton and 3-form field strength are retained,
there remarkably is also a consistent truncation when
reduced on S7 [19] to N = 8 gauged SO(8) supergravity
in 3D. The spectrum comprises of the graviton, a SO(8)
gauge field, 36 real scalars, transforming as 35s and a sin-
glet of SO(8), gravitinos transforming as 8s and fermions
in the 56s.
We have now at hand two different gauged supergrav-
ity theories with SO(8) gauge group. For 4D solutions
where no pseudo-scalars are sourced (the 35c), the re-
sulting effective bosonic theories are related through an
S1 reduction at the massless, nonlinear level. Whilst this
is not a consistent truncation, it does allow us to relate a
large class of solutions without pseudo-scalars, including
the situation of current interest.
Given this observation it follows abstractly that the
Dirac equation arising from (6) maps directly into the
fermion wave equation on Reissner-Nordstrom AdS4
background studied in [6, 7]. The map arises from simply
KK-reducing on a spatial direction of this AdS4, which
amounts to restricting to the zero-momentum sector in
the y-direction.3 The spectral function we are after there-
fore is simply a slice of the spectral function for probe
fermionic operators in the 2d world-volume theory of M2-
branes. We will return to the microscopic origin of this
result in the discussion.
IV. SPECTRAL FUNCTIONS
A. Numerical results at q = 3, m = 0, T = 0
Fermion Green’s functions in theories with asymptot-
ically AdS dual geometries are readily obtained using
standard holographic techniques [16]. In Appendix A
3 In addition one also projects the four-component spinor equation
at ky = 0 into a pair of independent equations for two-component
spinors. One equation matches precisely that which arises from
(6), whilst the other matches with kx → −kx.
FIG. 2: Density plot for the spectral function ImGR(ω, k) of
a fermionic probe of SYM2 with mL = 0, q = 3 at chemical
potential µL = Q =
√
3 and T = 0. The crosses indicate
positions of normalisable, in-falling fermion modes at ω = 0.
k
ω
we present the method adapted to the D1 geometry (2).
Here, as a concrete example, we present numerical results
for the case q = 3, mL = 0 at T = 0. The spectral func-
tion is presented in Fig. 2, exhibiting features indicative
of a Fermi surface. As expected these results match a
ky = 0 slice of the M2 brane theory studied in [6].
B. Characterising the Fermi points
Semi-analytic expressions for the T = 0 correlators can
be obtained for small frequencies, ω ￿ 0, using a matched
asymptotic expansion [7]. For the M2-brane geometry
this relies on the fact that the geometry (7) interpolates
between a near horizon AdS2×R2 and an asymptotically
AdS4 geometry. These results may be dimensionally re-
duced to yield expressions for Green’s functions of the
D1 system. Indeed, the analogous matching calculation
for the D1 system yields identical results, as its quantum
critical behaviour in the IR is determined by an AdS2×R
geometry consistent with the semi-holographic picture of
[11].
The location of each peak is determined by the exis-
tence of a normalisable, in-falling fermion mode at ω = 0.
These peaks are indicated by green crosses in the example
of Fig. 2. In the vicinity of each such peak we obtain,
GR(ω, k) ￿ h1
k⊥ − 1vF ω − h˜2GR(ω, kF )
(9)
where kF indicates the momentum of the peak in ques-
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standard holographic techniques [16]. In Appendix A
we present the method adapted to the D1 geometry (2).
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of Fig. 2. In the vicinity of t i ,
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k⊥ − 1vF ω − h˜2GR(ω, kF )
(9)
where kF indicates the momentum of the peak in ques-
4tion, k⊥ = k − kF . h1, h˜2 and vF are real and can be
determined numerically. GR(ω, k) is the retarded Green’s
function computed in the near horizon AdS2 × R:
GR(ω, k) = g(k)ω2νk , νk ≡ 1√
12
√
2 (k2 +m2)L2 − q2 .
(10)
The momentum dependent factor g(k) can be found in
[7] and our result matches that of [8] (for the quantity
G2 with ky = 0).
C. Peak broadening
The type of quasi-particle behaviour depends on νkF
and there is no stable quasi-particle associated with peaks
satisfying 2νkF < 1 [8]. When 2νkF > 1, the magnitude
of the AdS2 contribution (10) is subdominant to ω and
in the vicinity of the pole at ω = k⊥ = 0 we obtain,
GR(ω, k) ∝ 1
ω − vF k⊥ + iγ , γ ∼ ω
2νkF ∼ k2νkF⊥ . (11)
We have retained the leading imaginary contribution in
the denominator, γ, which gives a width to the peak away
from k⊥ = 0 and a finite quasi-particle relaxation time.
The Green’s function (11) is the same as a slice of
the M2 theory, in particular, the quasi-particle width is
the same. In contrast, the restricted phase space in the
TL model leads to zero-width quasi-particle excitations.
However, the 1d NLL models – which modify TL by an
O(k2) correction to the single-particle dispersion relation
and density-density interaction – exhibit Green’s func-
tions of the form (11) near the pole, with width γNLL ∼ k8⊥
[2]. The TL and NLL models also displays non-trivial
power-law behaviour in the real-part of the Green’s func-
tion, while (11) resembles a free-fermion-like linear dis-
persion near k⊥ ' 0. Thus the NLL models demonstrate
that the differences between physics of Fermi points and
higher dimensional Fermi surfaces need not be drastic, as
indeed we find here.
Of course, neither the TL nor the NLL models approx-
imate the D1 system.4 We simply wish to illustrate that
it is possible to obtain a non-zero quasi-particle width by
relaxing the approximation of a linear dispersion relation
in 1d. This goes some way to resolving how the 1d and
2d systems of interest here may be connected microscop-
ically.
4 It is however amusing to note that excitations about a νkF = 4
Fermi point in the D1 system resemble the qualitative behaviour
of relaxation via three particle scattering, the decay mode re-
sponsible for γNLL.
V. DISCUSSION
We studied a holographic model of a fermionic quan-
tum liquid with a concrete dual QFT: SU(N) SYM2 with
16 supercharges. Thus our holographic results provide in-
roads to a system which may be tackled in other ways,
such as lattice field theory. In the interest of phenomenol-
ogy we focused on generic probes of this system; we leave
supergravity specific probes for future study. It would
also be interesting to study condensation of the adjoint
scalars.
Where possible we confirm exact agreement between
the direct holographic calculations in the D1 geometry
and dimensional reduction of existing results with AdS4
asymptotics. The spectral functions for SYM2 indicate
the existence of quasi-particle peaks indicative of a Fermi
surface, whose shape is controlled by the IR geometry and
exhibit a range of behaviours depending on νkF .
The D1 spectral functions presented here differ from
those of the TL model. The spectral support has a finite
width about the quasi-particle peak (see e.g., Fig. 2)
indicative of nonlinear effects broadening the Fermi peak
and is further consistent with lack of conformal invariance
of SYM2.
Of course, the TL model is idealised since the single
particle spectrum is linearised about the Fermi points.
Incorporating non-linearity in the dispersion enables the
redistribution of quasi-particle momenta, leading to finite
quasi-particle lifetimes [2, 3]. In the holographic model,
rather than having explicit modification of the fermionic
spectrum, we find that the effects of the charged black
hole background provide a non-linearisation of the spec-
trum.
A curious feature of our analysis is the connection we
have drawn between the SYM2 and the M2-brane theo-
ries. Whether this is an artefact of supergravity or holds
deeper significance remains to be better understood. For
the current discussion we note that it is rather amusing
to realise that the analysis of fermionic correllators in the
M2-brane theories can be related to a model in 1d, rem-
iniscent of old ideas attributing strange metal phase of
high Tc superconductors to Luttinger liquid-like dynam-
ics.
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Appendix A: Green’s functions in 3d
While we have emphasised the connection between the
3d and 4d effective actions in the main text, retarded
5Green’s functions for OΨ may be obtained without in-
voking this using standard holographic techniques. We
introduce ψ = r2f(r)
1
4 Ψ and pick a plane wave basis,
ψ(r, x, t) = eikx−iωtψω,k(r). We further define projec-
tions under γ± = 12 (1 ± γr) as ψ±ω,k(r) ≡ γ±ψω,k(r).
We supplement (6) with the boundary term, S∂ =∫
dtdx
√−h iΨ¯+Ψ−|r→∞ where h is the induced metric
on the boundary. The variation of the total fermion ac-
tion Sf = SΨ + S∂ , when on-shell is a boundary integral
by virtue of the equations of motion:
δSf
∣∣
on-shell
= lim
r→∞ i
∫
dtdx
(
ψ−δψ¯+ − ψ¯−δψ+) (A1)
Counterterms are needed if |mL| > 12 , and for |mL| = 12
there is a logarithm in the boundary expansion. For con-
venience we will focus here on 0 ≤ mL < 12 . Retarded
Green’s functions GR(ω, k) are given by imposing in-
falling boundary conditions at the horizon, and reading
off data at the boundary, GR(ω, k) = r
2mLvω,k(r)|r→∞,
where vω,k(r) ≡ iψ
−
ω,k(r)
ψ+ω,k(r)
. The integration in the bulk is
most convenient for the ratio v(r) (dropping subscripts),
since its equation of motion resulting from (6) is first
order,(√
f(r)∂r +
2mL
r
)
v(r)+(Ut+Ux)v(r)
2+(Ut−Ux) = 0
(A2)
where U =
(
−r−2f(r)− 12 (ωL+ qQ (1− r−1)) , Lr−2k).
Hence the Green’s function is easily obtained by in-
tegrating (A2) from v(1) = i to the boundary where
v(r)|r→∞ = r−2mL
(
GR(ω, k) +O
(
1
r
))
.
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